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DIXMIER TRACE FOR TOEPLITZ OPERATORS ON SYMMETRIC DOMAINS 


HARALD UPMEIER AND KAI WANG 


Abstract. For Toeplitz operators on bounded symmetric domains of arbitrary rank, we define a 
Hilbert quotient module corresponding to partitions of length 1 and prove that it belongs to the 
Macaev class We next obtain an explicit formula for the Dixmier trace of Toeplitz commutators 

in terms of the underlying boundary geometry. 


0. Introduction 

The Dixmier trace of Hilbert space operators [6], of fundamental importance for pseudo-differential 
operators [SES], has recently found deep applications in complex analysis, for Hankel and Toeplitz 
operators on strictly pseudo-convex domains [n uni nn EH [E] and for homogeneous Hilbert quotient 
modules over the unit ball [sjiaiiiiiii]. In these applications the underlying operators are essentially 
normal, i.e. commutators are compact; more precisely, belong to certain norm ideals of Schatten type. 

In this paper we are concerned with operators of Toeplitz or Hankel type which are not essentially 
commuting. These operators arise naturally when the underlying domain D C C'^ is not strictly pseudo- 
convex or does not have a smooth boundary. The most important case is the so-called hermitian 
bounded symmetric domains D = G/K of arbitrary rank r, which generalize the unit disk and the 
unit ball of rank 1. In this paper, we construct a suitable Hilbert quotient module of the Hardy space 
over the Shilov boundary S and study the associated ’sub-Toeplitz’ operators. Our first main result 
shows that commutators of such operators belong to the Macaev class for a suitable n related to 

the geometry of D. The second main result is an explicit formula for the Dixmier trace of products of 
such operators, in terms of a Jordan theoretic Grassmann-type manifold. 

The results of this paper can be generalized to cover the weighted Bergman spaces instead of the 
Hardy space, at least for the continuous part of the Wallach set [14]. On the other hand, extending 
these results to all smooth functions / G C°°{S) will be more challenging, even for the basic case of rank 
2-domains (involving pseudo-differential operators on spheres mm)- Finally, the higher strata of the 
boundary of D give rise to a family of smooth extensions m and it is of interest to develop a family 
version of the Dixmier trace (involving cyclic cohomology) for the associated Toeplitz commutators. 

1. Symmetric domains and Toeplitz operators 

Let D be an irreducible bounded symmetric domain of rank r in a complex vector space Z of finite 
dimension d. The unit ball D — C corresponds to rank r = 1. Denote by G = Aut{D) the 
biholomorphic automorphism group, and put 

A := {g G G : ff(0) = 0}. 

Then D = G/A. It is well known [141 IT^ that D can be realized as the open unit ball of an irreducible 
hermitian Jordan triple Z. Thus Z is a complex vector space endowed with a Jordan triple product 

u,v,w {uv*w} € Z \/ u,v,w € Z. 
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Then K = Aut{Z) is the linear group of all triple automorphisms of Z. Let S be the Shilov boundary 
of D. Since K acts transitively on S', there exists a unique iL—invariant probability measure ds on S. 
Denote by L^(S) the space of L^-integrable functions, with inner product 

{f\ 9 )s ■= J dsf{s)g{s), (1.1) 

s 


and define the Hardy space 


iL^(S) = {tp £ L^{S) : Ip holomorphic on D}. 


For a bounded function /, define the Toeplitz operator 

TfP; = y-ipeH^S). 

In previous work [231124] it was shown that Toeplitz operators Tf with smooth symbol function / £ 
C°°{S), acting on H^{S), generate a C'*-algebra T(S) which is not essentially commutative (if r > 1) 

but has a composition series 


/C = Ti c I 2 C • • • C Ir C T(S) = Ir+l, 

starting with the compact operators /C, such that the subquotients Ife+i/Xfe are essentially commutative. 
More precisely, there is a stable isomorphism 


21fe+i/Ife ~ C{Sk) 0 /C, 

where Sk denotes the IF-homogeneous manifold of all ’tripotents’ of rank k. (Similar results hold for 
Toeplitz operators on weighted Bergman spaces over D, as shown in [IS].) An element c£ Z such that 
{cc*c} = c is called a tripotent. Every tripotent induces a Peirce decomposition 

Z = Z^® Zl © 0 °, 


where Z^ := {z £ Z : {cc*z} = 2az}. The Peirce 2-space is a Jordan *-algebra with unit element c 
and involution 2 ; 1 — >■ {cz*c}. The self-adjoint part Xc C Z^ is a so-called euclidean Jordan algebra 
M- Let {z\w) denote the AT-invariant inner product normalized by the condition (c|c) = 1 for each 
minimal tripotent c £ Z. Let ViZ) be the algebra of all (holomorphic) polynomials on Z, endowed with 
the AT-invariant Fischer-Fock inner product 


{p\<l)z ■= ^ j dze ^"'l^)p( 2 :) g(z) (1.2) 

z 

for all p,q £ ViZ). By [T4l|^ the natural action of K on 'P{Z) induces a multiplicity-free Peter-Weyl 
decomposition 

V{Z) = Y,W), ( 1 - 3 ) 

A 


where 


A = Ai > ... > Ar > 0 


runs over all integer partitions of length < r. The decomposition (11.31) is orthogonal under (11.211 . We 
let denote the set of all such partitions. As usual we will identify partitions that differ only by 
zeros. Then 

N!i. = UN^+, 

e=i 

where = {A S N!j_ : A^+i = 0}. As a special type of partition we denote 


ke := (fc,..., fc, 0 ... ,0) 


for 1 < £ < r and k £ IS! repeated I times. Choose a frame ei,...,e,. of minimal tripotents. The 
associated joint Peirce decomposition m defines two numerical invariants a, b for Z such that 


P ■= 



l) + b. 
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For the Hilbert unit ball (r = 1) we put a = 2 and b = d — 1. Thus 6 = 0 only for the unit disk. In case 
6 = 0 the Jordan triple Z is actually a Jordan algebra with unit element 

e := Cl + • • • + Br- 

In this case Z carries a Jordan determinant N = Nr which is normalized by A^(e) = 1. For I < ^ < r 
denote by Ng the Jordan determinant polynomial for the Peirce 2-space As shown in [25] 

'P\{Z) has the highest weight vector 

Nx{z) := ■ ■ ■ Nrizf''. (1.4) 

The multi-variable Pochhammer symbol is the product 


(s)a 


2 = 1 


of the usual Pochhammer symbols {i^)m = 0 ^ ~ E31 [U the inner products fll.2p and (|1.2p 

2 = 1 

are related by 

(.p\<i)s = j^ip\q)z, 'ip,q eV^iz). (1.5) 

(p)a 

We note the relation 

(p)a _ TT (Aj J- 1 -I- |(r — j))i, 

ip-b)x~f}, (l + §(r-j))i. ■ 

Proposition 1.1. For A S N"), we have 

iiMiii=k^ n 


(l + f(j-*-l))A,-A, 


Proof. Using the reciprocity relation 




ix + b)m {x + m)b 


( 1 . 6 ) 


{x)m. {x)b 

for integers 0 < 6 < m, the assertion follows from [23] or (for tube domains) [HI Proposition XI.4.3]. □ 

For any partition A let 

Px:V{Z)^Vx{Z) ( 1 . 8 ) 

denote the orthogonal projection. If fuiz) = {z\u) is a linear functional associated with u € Z, we 
simply write := Tf^. Moreover, denotes the directional derivative. By [^ Theorem 2.11] we have 

1 




Ai J- ^(r — i) -\-b 


P\-[{\u q 


(1.9) 


for all q G 'P\{Z), where 

[z] = (0,...,0,l,0,...,0) 

with 1 at position i. More precisely, only those terms occur where A — [i] is again a partition. 

Definition 1.2. Let S denote the set of all sequences 

Cl 


Cm — Co 

TO + 1 

where cq, ci are constants and the sequence {mfOm}m is bounded. Let 5+ denote the set of sequences 
in S with cq > 0. 

It is clear that S is closed under taking finite sums and products of sequences. 5+ is also closed 
under taking quotients. 


Lemma 1 


.3. Leta, 7 GN;-\ Then { } 
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Proof. In terms of the falling Pochhammer symbol (m)* = Y\ + 1 ~ (HID implies 

Z=1 


||-/Vm-fc,7l|| ^ TT (w Qj + 2 j)fc+7j-a^. 

WNmAl + 

whenever k + 'yj > aj. Since each factor belongs to S+, the assertion follows. 
Lemma 1.4. Let £ < r and A € Then 




«x=n 




(A, + t(r--j) + 6): 


-N\-kf, Vfc<Af. 


□ 


Proof. Consider the Peirce 2-space Z = _|_g^ of rank £ and put p = 1 -\- ^{£ — 1). Using Nx = 

Nx-ke and applying p.5ll to S' C Z and S C Z, we obtain ioi (f &'P{Z) 

{p)xm*^.Nx)s = {p)x{Ntmx)s = {Ni<f\Nx)z = = {p)x{Ntmx)s 


= {p)x{(t^\Nx-ki)s = i4>Wx-ke)z = {4‘\Nx-ke)z = if^lNx-ki) S ■ 


ip)x-ki 

Since (j) is arbitrary, it follows that 


We have 


{p)x- 


ki 


{p)x- 




7\r i.P^^iP^^ — ki 

i^fciVA = — -jr^p-ZvA-Aif. 


{p)x-ki ip)x 


(p)^ 


{p)x-ki 


— PlAj + 2 ~ + ^)fc- 


j=i 


Applying (11.101) to Z and Z, the assertion follows. 


( 1 . 10 ) 

□ 


We will now consider partitions (to, 0,..., 0) = to of length 1, with projection Pm ■ H'^{S) —)► TmiZ). 
Here VmiZ) is spanned by the AT-orbit of the conical polynomial iV(". As shown in [23], the projection 

P-.= Y.Pm (1.11) 

m 

on H^{S) belongs to the Toeplitz C'*-algebra T(S). For a partition A choose an orthonormal basis 
Pi S Px{Z), for the inner product (II.2D . Then 

:= Tp^PT;^ 
i 

is a AT-invariant operator, independent of the choice of orthonormal basis. Since the decomposition 
dUD is multiplicity-free, every A'-invariant operator T on ViZ) (or P[^{S)) is a ’diagonal’ operator. 
Define 

A' := (A2,...,A,)eN;-i. 

Lemma 1.5. Let p S Vx{Z) such that PT*Nm,p 0. Then /3 < A < {m,P). 

Proof. For (f) € Pn,o(Z) the non-zero components of pf) correspond to signatures p obtained from A by 
adding a horizontal n-strip (22] Proposition 5.3]. Thus 

p' < X < p. 


It follows that {4'\T*Nm,p)s = {p4'\X£m,0)s is non-zero only if /r = {m,(3) satisfies the above condition, 
which leads to ,5 < A < (to, /3). □ 
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Since 


by Lemma (Ill), it follows that 


Ran(Tp,P) C ^ 


aX _ {Nf^\A^Nf^)s 


( 1 . 12 ) 


where 




II^mIII 11 ^/ 


(1-13) 


Proposition 1.6. Let A S N1 . Then I G 5+. 

Proof. The proof is by induction on the length < r of A. Put A: := > A^+i = 0. Then 7 := A — 

has length < i. Consider the Peirce 2-space Z := ^^ 1 + +ei of rank £. We may assume that a subfamily 
Pi : i G / is an orthonormal basis of V\(Z). Since P\{Z) = N^V~^[Z), there exists a constant c > 0 
such that Pi = c ■ qi for all i G I, where qi G V^{Z) is an orthonormal basis. For to > A 2 it follows 
from Lemma ID) that T*^Nm,\' — Nm-k,jG where 

im+^ie-l))l 4 (A, + f(£-j))* 

Cm. — / , / - N NI I 


(to -b 6 -b I(r — 1))^ {Xj -b 6 -b f (r — 1))^ 


belongs to 5+, in view of the identity 


TO-ba . a — b (a — b)b 
= 1 ■' ^ ’ 


m + b ' TO to(to -b b) 

For i G I\i we have T*.Nm,\' = 0 since pi belongs to the ideal generated by Z'^. It follows that 

{N^^y\A^Nm.X')s = Y,(T;^^mMPT;^Nm,x')s = Y,{t;,N^,x'\PT;^N^^x')s 


i^I 


iGl 


= J2{TlT*^.Nr^,x'\PTlT*^,Nm.y)s = 


i£l 


i£l 


Now consider the X-invariant operator 


a^ = Y^t,^pti, 

jeJ 


where qj, j G J is an orthonormal basis of Pj{Z). We may assume that qi,i G I are a subfamily of J. 
As above, we have T*^.A^m-fc. 7 ' = 0 whenever j G J\I. Therefore 

=Y,Tg,PTlNra-k,Y =J2T<i,PTlN^-k,j' 

ieJ ig/ 

and hence (A^m,A'IA'^'A^^ aOs = ‘ c^{Nm-k,-y'\A'^Nm-k,-i')s- Since 7 has length < £, the induction 

hypothesis implies that | ^m-fc,7')s | g 5 ^. It follows that the sequence 

L lls J rn 

{Nm,X'\A^Nm,X')s _ 2 2 (A^m-fc. 7 ' \\^m-k,j'\\‘s 

C C™ “ 


IlfV^.A'III 


\\N^-k, yWI IlfV^.A'III 


belongs to 5+, since Lemma (11.311 implies that | } 


G 5 . 


+ • 


□ 
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2. Hilbert submodule and sub-Toeplitz operators 


The Hilbert sum 

= II = Ran(P) 

m 

will be called the sub-Hardy space. For smooth symbols / S C°°{S) define the sub-Toeplitz oper¬ 
ator 

Sf := PfP = PTfP 

as a bounded operator on Hi{S). Let A be the ^-algebra generated by Sp for polynomial symbols 
p G Viz). For p, g G 'PiZ) we have 

SpSq — ^pq 

since PTqP^ = 0. Thus it often suffices to consider linear symbols z i—>■ {z\u) for some u G Z. We denote 
by Su the corresponding operators. 

Theorem 2.1. For p G N!j_ let p G ViZ) satisfy degp < \p'\. Then 

PT;TqP = ST;q VgGP^(Z). 


The proof is based on the following Lemma. 

Lemma 2.2. Let p be a partition and q G Pp,{Z). Then we have for u G Z and each h G Pn,o{Z), 

Pfi+n[l] — [i]'^ Pfi+n[l]^Q ~ Pfi+n[l] — [i]^Pfi—[i]'^ Q Vz > 1. 

Proof. Write hq = Y^ P\hq. The partitions A occurring here satisfy X > p and hence A' > p'. For such 

A 

A we have 

u^Pxhq = H Px-\j\u^P\hq. 

3 

Now assume A — [j] = p + n[l] — [z]. If j = 1 than X' = p' — [z] ^ p'. Hence j > 1. If j yf z then 
X' = p' — [z] + [j] ^ p'. Hence i = j and therefore X = p + n[I]. This argument shows 

—[z]^ H-^/z+n[l] —[z]^ P[i+n[l\ — [i]’^ P[i+n[l\^^' (^-1) 

A 

Since u^{hq) = q{u^h) + h{u^q) and q{u^h) has only components X> p which satisfy A' > p' it follows 
that 

PtJ.+n[l] — [i]'^ (^ 9 ) Pp+n[l] — [i]^{^ O) • (^■^) 

We next show that 

Pfj,+n[l] — [i]^(.'^ ~ ^ Pfi-\-n\l] — \i]^Pfi—\j]‘^ Q ~ Pfj,+n[l] — [i]^Pfj,— [i]'^ Q- (^■^) 

3 

In fact, since hP^_[i]U^q cannot have a component A with Ai = pi + n we may assume j > 1. If j yf z, 
then the components X> p — [j] occurring in satisfy X' > p' — [j] which implies X' ^ p' — [z]. 

Thus (12.3p holds. Combining equations (12.111 . (12.21) and (12.31) . the assertion follows. □ 

Proof of Theorem (|2.II) . We may assume that p{z) = {z\ui) ■ ■ ■ {z\uk)■ Let A = (Ai,A') be a 
partition such that |A'| > k. Putting [zi,..., Zfe] = [zi] + ... + [ik] it follows from p.9l) that 

n, ■ • ■ = E ■ ■ • Px-[^,]T:,i3 

for all if G P\{Z). If any ij = I then (A — [zi, • • • Ak])' A 0- Therefore (A — [zi, • ■ •, Zfc])' = 0 implies that 
all zy > I. It follows that 

pt:, ■ ■ ■t:^a = p E 


Px-[n,...,^.]TL■■■Px-[^^]K1f. 


(2.4) 
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Moreover, if |A'| > fc we have PT*^ ... = 0. The same argument shows 

Put...uflp = P (2.5) 

and |A'| > k implies Pu^ ... ufi/' = 0- By Lemma (12.21) we have for h G VnfiiZ) 

—.^p+n[l] P^+n{l] — {i\\^P^—{i\\'^l^- 

Applying Lemma (j2.2l) to we obtain 

PfJ.+n[l] — [ii , 121^2 PfJ.+n[l] — [ii]'U‘l Pfi+n[l] ^9 Pfj.+n[l] — [ii , 12 ]^2 PfJ.+n[l] — [ii] ^Pfj.— [ii]'^l 9 

PlJ,+n[l] — [ii , 12 ] ^Pfi—[ii , 12 ]^2 9- 

More generally, 

P)J.+n.[l] — [ii,...,ii^]Ul; ■ ■ ■ P^j^n[i\ — [i-iX^l P^+n[i\ ^9 = .f/i+n[l] —[ii [ii Wfc • . . P^—yi-^yiii q. (2.6) 

Consider 

Ph{T:^...T:^q) = Ph Y P,-[^u■■■MTL■■■P,-[^.]T:,q = P Y T.P>'^P^-\^^^-MTL---P,-[nK. 

Note the components A = (to, 0) occurring here satisfy A' = 0 > (/x — [ii,..., ik])’■ Since |/i'| > k this 
implies that all ij > 1. Moreover, to = |A| = n + |^ — [ji, ..., *fe]| = n + /ii + |/i' — [zi,..., | = n + /xi. 

Therefore A = (n + /xi,0) and hence 

ph{T:^...T:^q) = p Y p^+n[l]-[^.,...Mhp>.-[^^,...MT :.• ■■p^.-[^,]T:,q■ ( 2 . 7 ) 

We have hq = P\hq, where A > /x and the skew-partition A — /x is a horizontal n-strip. Since X' > qi' 

X 

satisfies |A'| > |^'| > k the condition (A — [xi,... ,Xfe])' = 0 implies that all ij > 1 and in addition all 
terms with |A'| > k vanish. Assuming |A'| = A: it follows that A' = and hence A = /x -|- n[l]. This 
shows 

pt:^ ... {hq) = pYt:,--- t:, Px^q = pt^ ... hq. 

X 

With fl2.4p . f|2.5p . fl2.6p and (|2.7p . we obtain 

PPX---PX^^l) = P X! Pfi+n[l]-[zi,...,ik]PX---Pk.+n[l]-lii]TXPf^+n[lXq 

_ p _ Pk-+’nm-lil,---,ik]’^k ■ ■ ■ Pk'+'n[l]-[ii]'^l Pk.+n[l]hq _ 

ii>W*,>i [ii, ■ ■ ■ ,ik-i])ik + ^{r-ik) + h) ... (/X,, -k ^{r-ii) + b) 

_ p _ PkL+n[l]-[ii,...,ikXPkL-[il,---,ik]'^k ' ' • .P/J-[ii]'^1 9 _ 

ii>Wfc>i ((a^ - + f(7'-4) + &)■■■ (/i*i + f(r-ii) -h6) 

ii>l,...,ik>l 

It follows that PT*{hq) = Ph{T*q). Since h G Pn,o(Z) is arbitrary, PT*TqP = PTx^qP = Sr^q- □ 

Applying Theorem (12.11) we obtain 
Corollary 2.3. If degp, deg q < |A'|, then PT*A^TqP G A. 

For P G N(|r^, consider the projections 

P'" ■= E 

m>/3i 


Then po = P. 
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Definition 2.4. Define a diagonal operator A on V{Z) by 

Apx ■■= Ai px, VpA e Pa- (2 .8) 

Let Qj := be the eigenvector subspace (and denote the corresponding projection by the 

same notation) for A with eigenvalue j. Then we have the orthogonal decomposition 
We call an operator T of finite propagation if there exists a positive number I such that 

TQj C ^ Qi. 

Lemma 2.5. Suppose the operator T has the finite propagation property. IfTK^ is bounded, then A^T 
and T*A^ are also bounded. 

Proof. By assumption, we have that T = (B-i<i<iTi for some number I, where 

P = ®jQj+^TQj 

is an operator of degree i. By grading, one sees that each A^Ti is bounded iff there exists a constant Ci 
such that ||Tip|| < Ci'^ for any index j and p G Qj. Indeed, if such Ci exists, then for any p = (BjPj, 

II A^Ppf = E IK* + E < ^'(1 + o^lbf • 

j 3 ^ 

Using the fact that TA^ is bounded, for each j and p G Qj, we have 

||TA2 pf=/|| ^ Ppf =/ ^ liPpf >/||T,pf 

for each i. ft follows that each A^p is bounded. Therefore A^T — ^ A^p is bounded. This implies 

-l<i<l 

that T*A^ is bounded. □ 

Let C denote the ^-algebra generated by Tp with polynomial symbol p, and together with all 
projections pP, where /3 G is arbitrary. Define 

B := {B G C : BA^ bounded}, 

Ba := A{A + l)-i +B = {A(A + 1)-^ + B : A e A, B e B}. 
ft is easy to check that operators in C have the finite propagation property. Therefore Lemma (12.51) 
implies that B and Ba are invariant under taking adjoints. 

Lemma 2.6. B is an ideal inC. Moreover, 

[C,(A + t)-i] cS. 

Proof. For the first assertion it suffices to show that BTu G B whenever B G B. Define a bounded 
operator i?„ by RuP = Pm+i.pTuP for p G Vm,p{Z). Then 

r 

{A^Tu - TuA^)p = E(*^^ “ 'm^)P(m,p)+[i\TuP = ((m + 1)^ - mf )Pm+i,pTuP = (2A - l)RuP. 

i=l 

Therefore BT^A^ = BA^T^ — B{2A — l)Ru is bounded. Thus BTu G B. For the second assertion it 
suffices to show that [T„, (A +1)“^] G B. With the previous notation, we have 

[Tu, (A + t)-^]A'^p = m^{Tu{A + t)"^ - (A + t)-^Tu)p = ^ ~ A^) 

^2 K 1 1 K o ^ „ o 

— *** ( I + I 1 I + ) Pm+l.pTuP — Ru / . j.\/X I 1 I j.\P' 

\m-\-t m+l + t/ (A + t)(A + l + i) 

Therefore [T^, (A + is bounded. □ 
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Lemma 2.7. Sa is a (non-unital) *-algebra and an A-bimodule, i.e., 

ABa + BaA C Ba 


Proof. We only show that BaA C Ba- Indeed, ior A G A, B G B, and u G Z, we have 
(A(A + l)-i + B)Su - ASu{A + l)-i = BSu + A[{A + l)-\ 5„] = BSu - ASu{A + 1)-\A + 2)-^ e B. 
Since ASu G A, it follows that A{A + 1)~^ + B G Ba- □ 

Proposition 2.8. For A S N!J. letp,q S ViZ) satisfy deg(p),deg(g) < |A'|. Then 

PT*P^'TgPGA +BA- 


Proof. The AT-invariant operator P^ A^P^ is diagonal, and Proposition (ira implies that 

pA'^ApA' ^ Cx-A + CA px' p p 

A + 1 

where B G B and ca > 0. It follows that 

P^' = P^'a^P^' + B' 

CxA + CA 

with B' G B.li (3 G satisfies |/3| < |A'| and A^P^ is non-zero, then /3 > A' by Lemma (11.51) . This 

is only possible if /3 = A'. Therefore 

PT*A^TqP = PT*P^A^P^TqP = PT*P^' A^P^'PqP. 

m<A'\ 


Since B is an ideal in C and 


A+l rp p 


G B we obtain 


pp*pA'pp ^ PT*P^'A^P^' TgP + PT*B'TgP 

^ ^ CxA + CX ^ 


= pt:p^’a^p^'t„p 

P ^ cxA + 5x 

= pt;a^t„p 

P ^ CxA + CA 


prp* pX p^ 


^ ^ T P 

caA + 5a’ ' 


PT*B'TqP 


B" 


where B" G B. Since PT*A^TqP G Al by Corollary (12.31) . the assertion follows. 


□ 


Proposition 2.9. [Al, Al] C BA- 


Proof. In view of Lemma (IQ) it suffices to show that [S*, S'^] G Ba- We may suppose that Z has rank 
r > 1. By definition, Sy = PTyP = TyP—P^TyP. Note SyVmfi{Z) C Pm-i-i,o(^) and ^{r—l)+b = p—I. 
Applying (11.91) it follows that 


(m -I- p)S*SyPm = {m + p)T*SyPm 


U^{SyPm) = U^TyPm - P^TyPm) 

{u\v)P.rn + TyU^Pjn - U^P^TyP-yi 

{u\v)Pm + {m + p- l)TyS*Pm - U^P^TyPm 

{u\v)P^ + {m + p- l)SySlP^ - Pu^P^TyPm- 


Thus S*Sy{A -j- p) = {u\v)P + SyS*{A -I- p — I) — Pu^P^TyP and hence 

[S:,Sy]{A + p) = {u\v)P + SyS:{{A + p - 1 ) - (A + p)) - Pu^P^TyP = {u\v)P - SyS: - Pu^P^TyP. 


By HH) we have 

Pu^P^TyP = Y Pu^P^TyPm = ^ PmU^Pm.lTyP^ = - 2) + b)Y PmT:Pm,lTyP„ 

mm m 

= {l + ^{r-2) + b)Y P^P^TyPry^ = (1 + ^(r - 2 ) + b)PT:P^TyP. 
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Thus Proposition (12.81) implies that Pu^P^TyP ^ A + and the assertion follows. 
Lemma 2.10. C | >5'pi-S'*. + B : Pi, Qi G P{Z), B G Ba 


□ 


Proof. Since the latter set contains S'„, S'*, it suffices to show that it is invariant under multiplication by 
Su,S*. By Proposition (j2.9l) we have [S*,Sp] G Ba and [S*,S„] G Ba- With Lemma (12.71) . the assertion 
follows. □ 


The following technical lemma will be used in the next section. 

Lemma 2.11. LetTGA + BA- Then ( ] G S. 

I II 5 J m 

Proof. By Lemma dn, we have 

s*,Nr = 


" ^ {m + p)l 

for 0 < fc < m, S^fciV{" = 0 for fc > m and S*N^ = 0 for all v G Z^. Thus for any p,q G V{Z) there 
exist constants Ck(j),q), for 0 <k < M{p,q) := 77im(degp, deg g), such that 

M{p,q) M(p,q) -Lip 

(s^ivri-^^ivDs = E cfe(p,g)iis;^.ivriii= E 

for all m> M{p,q). Since T G A + Ba, Lemma (12.101) implies that 


for some polynomials Pi,qi and i?o = ^i(A + 1) ^ + Bi G Ba with Ai G A, Bi G B. Using Lemma 
(12.101) for Ai again, there exist polynomials and B 2 G Ba such that 

^ = E+1E+ B 2 1 (A+i)-i+Bi = E+E 


where B G yB. It follows that 


1 


(ArriTivDs - {Nr\BNr)s = E(‘5;wris*wr)5 + 


+ 1 (m + P* 

-T. T. T. 

i k — 0 \ ' K j f^—Q V I 'K 


Since 


BN^ = (B(A + 1)2)(A + l)-^Nr = 


B{A + l)2iV{" 
(m + 1)2 


the sequence ^^ 1 is bounded. Thus there exist finitely many sequences {cfc(m)} G S such 

lu'l \\s 

that 


{N^\TN^)s 


iiA^riil 


= EcfeM 


iiA^r~iil 

iiA^riil 


{ ll^m —fc||2 'I 

I G 5+ by Lemma dLl. 


□ 
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3. First main theorem 

Theorem 3.1. Let f G V{Z x Z) be a real-analytic polynomial. Then Sf € A-\-Ba- 

The proof is based on a lengthy induction argument. We may assume that f = pq for some p,q G 
Viz). Let Aij denote the set of all operators PT*TqP, where degp < i, degq < j. For a given k we 
consider the following assumption 


Aij C ^ + Ba whenever min(iA) < k- 

We now proceed via a sequence of ’claims’ which are proved under this assumption. 


(3.1) 


Claim 3.2. The assumption (13.11) implies that for each partition A with |A| < fc there exist constants 
such that 

OoA + 

. '^ p^ G B. 


/3<A 


A + 1 


(3.2) 


Proof. For (3 < X < {m, 13) we have and hence 


{Xtm,p\A^Nm,p)s _ 


= E 




Since deg(pi) = |A| < k, (13.11) implies G A-\- Ba. By Lemma (12.111) and Lemma (11.31) . we 

have that | ^ P-121) there is a sequence Om, with Om bounded, such that 

iNm,p\A^Nm,p)s 


A^= Y. 

P<\<{m,p) 


II Afm,/3||l 


■ Pm,P — E 

P<X<(m,p) 




TO + 1 


p<\ 


A+1 


where we set = 6^ = 0 if /3 ^ A'. Thus B — ^ Pm,p has finite rank and hence B G B. □ 


P<\<{m,P) 

Claim 3.3. Under the assumption en) there exist constants c^Aa such that 

rr — 1 


pP_J2 +5 a" g b, 


Oc<0 


A + 1 


V/3 G K 


-f ’ 


< k. 


(3.3) 


Proof. We use induction on \P\. The case /3 = 0 is trivial. Assume (13.31) holds for all f3 with \(3\ < j < k. 
Let (3 satisfy |/3| = j. Then Claim (13.21) implies 


j^p ^ pP ^ gg A + 


A + 1 


a<P 


A + 1 


bP 


(3.4) 


where B^ G B, and a < (3 means that a < (3 and a ^ (3. Now consider the diagonal operator 

E = E 

|A|=i i*eN; 

If |A| =j, then {Nm,p\A^Nm,p)s is non-zero only if A = /3, since (3 < X and |/3| = j = |A|. Therefore 
Ar _ /(AAr _ (A^m./3|>l'^A^m,/3)s _ {Nm,p\Al^Nm,p)S 


WNmAl 


ll-^m+lll 


|A|=j |A|=j 

By [24l Theorem 1.6], there exists a constant c > 0 such that a^. > c whenever /r 2 + • • • + /ir = j- For 
p = (m,/3) this implies ~ cLm,p > c and hence = lim^ > c > 0. For 

any |a| < \f3\ = j, the induction hypothesis implies 

c“A + c?“ 

P°‘ = Y \ . , 


7<Q; 


A + 1 
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where 5“ G B. Plugging into (13.41) we obtain 


P0 = 


A + 1 




a^A + 


f. OoA + 6 a A + 1 

q;<p P P 7 <Q: 


a^A + 6^ 

It is easy to see that this expression has the desired form. 
Claim 3.4. The assumption (13.11) implies Ak,k C A + 





-bp 


□ 


Proof. Let degp = degg = k. Then 

PT^TqP = PT;P^TqP. 
l/3|<fc 

If \P\ = k then PT*P^TqP G ^ + -Ba by Proposition (|2.8I) . If |/3| = 6 < fc and a < j3 then (13.ip implies 
PT*A°‘TqP G Ak,hAh,k C .4 + B\. It follows that 

'c^A + d^ 


A + d^ A + d^ 

PTfA'^ , ^ r„P = PT:A°‘T„P ^ + PT*A°‘ 


since 


p 

ih+di 

A+1 


A +1 


A + 1 


_ T P 

A + 1 ’ " 


G +4 + B \, 


,C 


C B and B is an ideal in C. Therefore Claim (13.31) implies PT*P^TqP & ApB a. □ 


Claim 3.5. Under the assumption eu, for T € C and q G P{Z) of degree i < k there exists B € B 
such that 

qP a + 

PT[T:,T,]TqP = B P EEE PTA“ [T*, T^]A'^TqPALA -^ 

|/5|<i a</3 7</3 


- c^) + (dg - 
A+1 


Proof. Since Ran(TqP) C P^ and [r*,T„] is a ’block-diagonal’ operator [24l Lemma 2.1] which 

l/3|<* 

commutes with each P^, it suffices to consider PTP^[T*,Ty]P^TqP for /3 G satisfying |/3| < i. 

By Claim (lO) we have 


PTPf^[T*,T^]P>^TqP = PT 


Bi + H 


a</3 


cgA + dg 
A + 1 J 


K,r.] 52 + 


c^A - 


7</3 


A + 1 




T,P, 


where Bi,B 2 G B. Since B C C is an ideal and C contains PT, [r*,T„], A“, A^, TqP, the assertion 
follows. □ 


Claim 3.6. The assumption (|3.1I) implies 

PT;[T:,n]T^P gA + Ba (3.5) 

whenever deg ((), deg i/> < k. 


Proof. We prove ()3.5D by induction on 6 = max(deg deg i/;) < k. For 6 = 0, we have 

p[t:, t„]p = pt:t,p - pnPT:p, 

where PT*TyP G Ai^ C + Ba by Claim (|3.4I) . and PTyPT*P G A. For the induction step, let 
be polynomials with deg^ < 6 = deg '0 < k, and we may assume that dSH) holds in the case of the 
maximal degree less than 6 . Then 

pt;[t:,T y]T^p = pt; {[t:,t^]) p = PT^^Ty^p - PT;Ty^PT:p - t^]p. 

By the assumption (13.11) . we have PT^Ty^pP G Ah,h+i C .4+Ba, and using Claim (13.41) also PT^.,j^Ty,jjP G 
+4a+i++i C +4 + Ba. For the third term we may assume that ip = Vh-i ■ ■ -vq for some linear functions 
Vi. Then 

h-l 

PT;Ty[T:, T^]P = ^ PT;Ty.y,_,...y,^, K , Ty,]Ty,_,...yqP. 

2=0 
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If p, q, T] are polynomials of degree < i < h we have 

since (13.11) implies that A + Ba contains S Ah,h and PT*Ty._^...ygP G Ai^i, and 

the induction hypothesis implies PT*[T*, T„JT^P G A + Ba- Thus 

c ^ + Pa, 

whenever |a| < i and \p\ < i. Now the assertion follows from Claim (13.51) □ 

The proof of Theorem (13.11) can now be completed as follows. Since „ = An,m, it suffices to 
show that 

Ak ■=''^Ai,k C A +Ba- (3.6) 

l>k 

We prove (|3.6I) by induction over k >0. The case fc = 0 is trivial. For the induction step, let /c > 0 and 
suppose that Ah C + Ba whenever h < k. This is precisely the assumption (ED. We prove that 

Ae^k c w4 + Ba (3-'^) 

by induction over £ > k. By Claim (ED we have Ak,k C .4 + Ba- For the induction step assume that 
Ae.k C A + BA for some £> k- Passing to ^+ 1 , consider polynomials (j), ijj with deg^ < £ and degtp = fc. 
Then we have for any linear function u 

PTiyT^p = pt;t:tpP = pt;tpPt:p + pt;[t:, t^]p 

By the induction hypothesis we have PT^T-^P G Ae,k C A + Ba- For the second term, we may assume 
that Tp = Vk-i ■■ - Vo for some linear functions Vi- Then 

k-l 

pt;[t:,Tp]p = Y, PT;Ty,_,...y,^, K , T „ jr „,_,...„„ p . 

If p, g, T] are polynomials of degree < i < k we have 

PT;T„,_,...„^^,rpPr*K,r„jT 5 PT;T„,_,...„„p gA + Ba, 

since the assumption (13.11) implies that A+Ba contains Pr^r„^_j...„._^jTpP G Ae^k-i and PT*r„._j...„j,P G 
AiA, and Claim (13.61) implies Pr*[T*, r„jT{P G A + Ba- Thus 

Pr;T„,_,...„,^,A“[rj,T„J4^T„,_,...„„P gA + Ba, 

whenever |q;| < i and I 7 I < i- With Claim (13.51) . it follows that PT^\r*,Tp]P G A + Ba- Therefore 
At+i,k C w4 + Pa, completing the induction proof of (13.61) . 

4. Smooth extension and Dixmier trace 

Let /C denote the compact operators. By definition [5] we have 

£n,oo .= {y g /c : pj{T) = 0(j“^/")} 

for n > 1 , and 

■-={TgJC: = O(logj)}. 

i=l 

Here pi{T) > p, 2 {T) > ■ ■■ are the singular values of T. We will apply these concepts to the Hilbert 
space Hf{S)- Using the invariants a, b we put 

n := 1 + a{r — 1) + 6. 

Note that n is not the dimension d = r(l + |(r — 1) + 6 ) of the underlying domain D, unless r = 1. We 
will give a geometric interpretation below. 

Lemma 4.1. Consider A as an unbounded operator on TJf (S'). Then (A + 1)“^ G 
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Proof. For any partition A it follows from Lemma 2.7 and Lemma 2.6] that 


dimVx(Z) = 


ip)> 


n 


Ai — Xj + §(j — i) {Xi — Aj + 1 + §(j — i — l))o-i 


(p —b)\ f (j — i) 


(1 + §0’ - * - l))a-l 


Specializing gH) to m = (m, 0 ,..., 0 ) we obtain 

(to + 1 + §(r - l))b Vt m + |(j - 1) (to + 1 + f (j - 2))a-i 


diui'PrniZ) = 


n 


(l + f(r-l)), f(j-l) (l + |(j-2)),_i 


for TO > 6 . It follows that asymptotically, we have 


dimP™(Z)-c-TO''+“("-i) =c- 


^n— 1 


(4.1) 


for some constant c > 0 independent of to. Since (A+1) ^ has the eigenvalues 1/(1 +to), with eigenspace 
VmiZ), this estimate implies that the partial sum 

S,{{A + l)-i) = ^ ^.((A + l)-i) ^ 

i=0 

where p,i{T) is the i-th eigenvalue of T. This implies the assertion since, for n > 1, T S £ri,oo 

Sj{T) : j > 1} is a bounded sequence [^. □ 


Theorem 4.2. Let f,g G V{Z x Z) be real-analytic polynomials. Then [S'/,5'g] € 


Proof. Let A G A,B G B. Then Lemma (14.11) implies A(A + 1)“^ B G since A + B{A + 1) is 

bounded. It follows that Ba C Since [A, A] C Ba by Proposition (12.91) and Ba is an Al-bimodule 

we obtain 

[AI + -Ba,AI + -Ba] C^A. 

Since Sf,Sg G Ad- Ba by Theorem (13.ip . the assertion follows. □ 

n 

It is well known that Ti G and X) “ = 1 implies T = Ti • • • T„ £ Hence Theorem 

_ i=l 

(14.21) implies 

Corollary 4.3. Let fi,gi,... fn,gn G V{Z x Z) be real-analytic polynomials. Then 

(4.2) 


The trace class £^ is a proper subspace of £^’°“. For T G C^’°° the Dixmier trace, denoted by 
tfujiT), depends a priori on a choice of positive functional uj on Z°“(N) vanishing on co(N). For the 
so-called measurable operators T the value tr^^{T) is independent of w. More precisely, for a positive 
operator T, 


tr^{T) = lim 


1 


j->oo log j ^ 


3 

2=1 


P^iT) 


whenever the limit exists. It also satisfies the tracial property 


tr^{TS) = tr^{ST) 

and tr^{T) = 0 if T G £^. We refer the reader to [ 6 ] for more details. 

In order to determine the Dixmier trace of the operators (14.21) we consider the algebraic variety 

Z* := {z G Z : rank{z) < 1}, 

which has (complex) dimension dimZ* = 1 + a(r — 1 ) -|- 6 = n, and is singular only at the origin. 


Proposition 4.4. Consider the polynomial ideal I{Z*) G ViZ) vanishing on Z*. Then the sub-Hardy 
space Hl{S) can be identified with the Hilbert quotient module 

HliS) = H\S)/T{Zl) ^ Wl)"-. 
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Proof. It suffices to show that 1(2'*) coincides with the ideal 

^=0 rx{z) c v{z). 

A 2 >0 

For 2 : G Z*, we have Ni{z) = 0 for £ > 2 since rank{z) < 1. This implies that C I(Z*). By Schur 
orthogonality the orthogonal projection P\ is given by 

j-^Px / = / dfc ((/^a |fc • </>.) {k-^ ■ /) 

^ “A 

for all / G P{Z), where (fa G Px{Z) is an orthonormal basis. It follows that the iF-invariant ideaH(Z*) 
is invariant under all P\. Now suppose there exists / G P{Zi) \ J. Then f = f' + /", where /" G J 
and /' G = ®rnPni{Z) is non-zero. Since J C P{Z*) we may assume / = /'. By the above, we 
may assume that / G VmiZ) for some to > 0. By irreducibiliy, it follows that VmiZ) C I(Z*), which 
is a contradiction since iV™ ^ I(Z*). □ 


The unit ball D fl Z* of Z* is a strictly pseudo-convex domain (singular at the origin), with 
a iF-homogeneous smooth boundary = {c : {cc*c} = c, rank{c) = 1 } consisting of all minimal 
tripotents. Denote by L^(S'i) the L^-space with respect to the iF-invariant measure. The Hardy space 
H^{Si) is the closure of the algebra P{Z) of all polynomials on Z, restricted to Si. Since = 0 for 
each i> 2 , it follows that 

H^iSi) = 'PZiZ), 

m>0 

where / = f\si denotes the restriction. 


Lemma 4.5. Letp,q G Vrn{Z). Then 


ip\<l)s = (p|g)si ■ 


(a/ 2 ). 


Hence the transformation U : Hf{S) —?> H'^{Si), defined by 

Up := 

is unitary. 


' {ra/2)r 

{aj2)rr. 


p WpeTmiZ), 


Proof. Let X be the self-adjoint part of the Peirce 2-space Z/ of full rank r [T3]. For any partition 
A G N!/, the associated spherical polynomial (f^ on X C Z, normalized by </^(e) = 1 m. is given 
by 

d\ {d/r)x 

for all t G X, where dx ■= dim VxiZ) and £^{z,w) is the Fischer-Fock reproducing kernel for Vx{Z). 
Now suppose A G N/_. Then Proposition 3.7] implies 


(/^(ei + ... + ei) = 


(V2); 


(ra/2); 


and hence 


{ia/2)x^x 


r{t) = 


(ra/2); 


4>i (f) 


for nWt G Xi G X, where (f^ is the spherical polynomial for the self-adjoint part X( of the Peirce 2-space 
Zei+...ei- bet £le C Xi be the strictly positive cone, and let t G Df be fixed. By Schur orthogonality [71 
Theorem 14.3.3], we have 

f dk£^{z, kx/t)£^(kx/i,w) = -^^£^{k\/t,k\/t)£^{z^w) 

J dx 


K 
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_ '^A,^ , A/J.\ oA 


-<l,^{t)£^iz,w) = 


(j)i,it)£ (z,w). 


{d/r)x ’ id/r)x {ra/2)x 

for all A, /i G and z,w £ Z. Applying this identity to £ = r,t = e and £ = l,t = ei, resp., the 
assertion follows. □ 

Define Ap = mp for p £ VmiZ). Then Lemma (14.ip gives 

1 


G r 


l + A 

Let Tf denote the Toeplitz operators H^{Si). Then AA = (A — 1)A and T^A = (A + 1)A- 
Proposition 4.6. Let u,v £ Z. Then USuU* —Tu£ and 

A5„,A]c/*-[A,A]e>C"/2.-. 

Proof. For each p £ Vm{Z) we have 


USuU*p = U*PTu 


(a/ 2 ). 


(ra/ 2 ), 


-p = 




(ra/ 2 ). 


U*P{up) 


(a/ 2 ) m {ra/2)ra+i 


{ra/2) 

m \ I {a/2)m+i 


P{up) = 


r/2- 


a /2 + m 


■up = Tu 


lA- 


r/2 


A a/2 


■P- 


Thus we have USuU* = A\/ ■ This implies the first assertion. For the second assertion 


U[Su,S:]U* = 


Therefore 


r„ 


/a + ra /2 jA + ra/2xp* 
A + a /2 ’ V A + a /2 ” 


= r. 


A + ra/ 2 ~* A + ra/2~*~ A + ra/2 


A + ra/2—1^ A + ra/2^*^ 

~U-^ V ~ ir\ ^ U - 


A + a/2 - 1 


A Qjj^Z 


A ~\- 0-/2 

A + ra/2 
A + a/2 


-T - 


A -\- a/2 


Ty Tu\ 


A “h 0-/2 


[A, A] + 


A + ra/2 —1 A + ra/2 
A a/2 — 1 A a/2 


T T 

u-t V- 


u[Su,s:]u*-[f^,f,] = 


A 


i/2 


y A a/2 
(r — l)a /2 


-1 [A,A] + 


A + ra/2 —1 A + ra/2 
A + a/2 —1 A + a/2 




A,A] + 


(r — l)a /2 


A + a/2 (A + a/2-1)(A +a/2) 

since [T„, A] (cf. [Il]) and (A + a/ 2 )“^ belong to 

To consider general symbols, we need the following algebraic lemma. 


-AA G 


□ 


Lemma 4.7. Suppose that the given operators Ai,Aj satisfy that Ai — Ai, [A^, A^], [Ai, Aj] G and 

[Ai,Aj] - [Ai, A] G £"/2.“ for 1 < z,/ < 4. Then 

[A1A2, A3A4] - [A1A2, A3A4] G 


Corollary 4.8. For polynomials p,q,(j), if, we have 

u[s;s„s;s^]u* - [A.. AJ e 

Proof Apply Lemma (14.71) and Proposition (14.6p . □ 

Every / G C°°{S) has a Poisson integral extension / G C°°{D), which is harmonic in the sense 
that it is annihilated by the so-called Hua operators nznn]. For any non-zero tripotent c £ Sk there 
exists a continuous extension, again denoted by /, onto the boundary component c + Dc- This extension 
is given by 

/(c + C) = A(C) 
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for all C € where denotes the Poisson extension, relative to the Shilov boundary Sc of Dc, for 
the restricted smooth function 

/c(C) :=/(c + C), C&Sc. 

Setting C = 0 the Poisson extension / is well-defined on Sk- 
Lemma 4.9. For all c G Sk we have 

pq{c) = {pc\qc)Sa- 


Proof. Let h{z) = pq{z) be the Poisson extension of p{s)q{s). For all C G we have c -b C G S' and 
hence 

hc{C,) = h{c + 0= p{c + C)q{c + 0 = PciCkciO 
Since /ic(C) is harmonic, the mean value property applied to the Peirce 0-space Zc yields 

h{c) = hc(0) = h^(0) = j dC hciO = j dCPc(C)9c(C) = {Pc\qc)s,- 
Sc Sc 

□ 


Proposition 4.10. For polynomials f G V{Z x Z) we have USfU* — T^G and 

u[s},Sf]u* - [f},fj] G 

Here f is the Poisson extension restricted to Si. 


Proof. Without loss of generality we may suppose that f = pq for p,q G 'P{Z). By Theorem (13. ip . 
Proposition (12. 9p and Lemma (I2.10L there exist B G Ba and finitely many pi,qi G TiZ) such that 

Sy = pr;r,p = B + ^s;s,,. 

i 

By the definition of Ba, Proposition (12.9p and Lemma (4.1), we have S/ — ^S^.S,. S jrri,oo 


{S},Sf]- 

given by 

and 


q q* Q 


G Por any c G Si, the symbol map in [24l Theorem 3.12] i 


IS 


(cTiS/)(c) = (ic 0 1c)t;t,j1c 0 ic) = (Pckc)s,(lc ® Ic), 
CTl (c) = ^P^(c)q^(c)(lc 0 Ic)- 


With Lemma (14.91) it follows that 


fisi = 


P^<li■ 


Since US*.Sg.U* = B + Tp.Tq^ = B + Tp.g., it follows that 

USfU* = +B=fj: + B 

for B G Therefore USfU* - ff = USfU* -J2Tp,q, e and 

i 

p[s;,s;] u*-[flf^ 






u* -\u 




u* - 




^ ^nf2,co 

□ 
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The explicit computation of the Dixmier trace uses the results of m on strictly pseudo-convex 
domains. Let T, = {z £ Z : rank(2:) = 1}. Then Si C Z, has the defining function r{z) = {z\z) — 1. 
Therefore the contact 1-form r] = (dr — dr)/{2i) on [11] Section 2.1] is given by 

(wjc) — (cjic) 

' 2 i 

for all c £ Si and w £ Tc(T,) C Z. It follows that 

I 

Since T'c(E) = Z'^ (B Z^ = Cc(B Z^ we may write w = iac + v, with a £ C and v £ Z^. Then 
r]c{iac + v) = a. It follows that Ker{r]c) = Z\ and the Reeb vector field E\_ [TT] p. 614] is given by 
c I—>■ ic. Restricted to the tangent space Tc{Si) = iRc0 Z^, the 2-form dr] has the radical iRc = R£'j_ 
and is non-degenerate on Ker{r]c). Every £ C°°(S'i) defines a vector field Z^p £ Ker{r]) such that 

dr]{X,Z^)=Xii 

for all vector fields X £ Ker{ri). For £ C°°{Si) we obtain the boundary Poisson bracket 


{(f), = df]{Zp,, Z^) = Z^ ■)/). 


Theorem 4.11. Let fj,gj £ 'P{Z x Z). Then 


tr4Sf„Sg,]---[Sf^,SgJ = C 



where ds is the normalized K-invariant measure, f is the Poisson extension of f and denotes 

the boundary Poisson bracket. The constant 


C = 


1 r jdr])^-^ 

(2TTi)^ J ^ n\ 

Si 


will be computed in the following Proposition (|4.12l) . 


Proof. In general, if Ti G and T2 ,..., T„ G then T 1 T 2 ■■■T^£ since C C'^+^ for 

any e > 0. By Proposition (14.101) it follows that 5'gJ • • • [<S'/„, 5'g„]17* — T G C^, where 

is a generalized Toeplitz operator on H^{Si) of order —n. Applying [TTJ Theorem 3] it follows that 

1 f 

Trui[Sf,,Sg,]---[Sf^,SgJ=Tri,{T) = J 77A— - —ct_„(T)(x, r?,,), 

Si 

where i] is the contact form. By m Section 4], T has the symbol 

n 

<r-n{T )= n ''-iidvAi= n -{-obv''»A)E= n 

1=1 i=i 1=1 

in terms of the Poisson bracket of E. Here 4>^^\tc) = (j)[c) denotes the 0-homogeneous extension of 
4> £ C°°(Si). Now the assertion follows, since by [11] Corollary 8] we have for t = 1 

□ 


Let V = Z^^ be the Peirce 1-space for the minimal tripotent ei. If a ^ 2 or r = 1, then V is an 
irreducible hermitian Jordan triple. If a = 2 and r > 1 then Z = and V — 0 

Qix(T--i-b-i) jg direct sum of two hermitian Jordan triples of rank 1. For any irreducible hermitian 
Jordan triple R let Py denote the Gindikin P-function for the radial cone fly C V [T3]. Let ry, dy, pv 
denote the rank, dimension and genus of V, resp. 
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Proposition 4.12. If a ^ 2 or r = 1, we have 

1 f Tvipy-^) ^ 

(27r)" 7 ^ (n-1)! Tyipv) 

Si 

If a = 2 we have 

1 r _ 1 

(27r)" 7 ^ (n — 1)! r(r)r(r + 5) 

Si 

In the rank r = 1 case, where Z = and Si = we have n = d = 1 + b and both formulas imply 

/ r;A(dr;)"-i =1. 

(27r)"7 ^ 

Si 


Proof. Any irreducible hermitian Jordan triple V has a ’quasi-determinant’ function Ay (u, v) such that 
the invariant measure on its conformal compactification M, containing V as an open dense subset of 
full measure, is a multiple of Ay(u, — dX{v), where dX(y) is Lebesgue measure for the normalized 
inner product. Moreover, by |13j we have the polar integration formula 




Tvipv-^) 

Tv{pv) 


(4.3) 


Let M denote the compact complex manifold of all Peirce 2-spaces U G Z oi rank 1. There is a canonical 
map 


TT : Yj ^ M 


which maps z G Y onto its Peirce 2-space Z^. In this way, Y becomes a hermitian holomorphic line 
bundle over M which can be identified with the tautological line bundle C = Ui/eM subset 

S'! C S corresponds to the circle bundle UceM where Su ~ is the Shilov boundary oiU G M. 
The holomorphic map tt satisfies 

ker(dc7r) = Z"^, 

since Zf C ker((ic7r) and both spaces are 1-dimensional. Therefore dr] vanishes on 


Tc{Si) n ker(dc7r) = zR • c. 


As a consequence there exists a AT-invariant 2-form 0 on M such that dr] = 7r*0. Now r], restricted to 
Sjj, is the usual contact form on 8^ of volume 2?!. It follows that 

1 r (dr;)"-! _ 1 r 7r*0"-i _ 1 f 0"-i 

(27r)"' J ^ ip ~ 1)! (27r)" J ^ {n-~ 1)! (27r)"“i J (n — 1)! 

Si Si M 

In order to compute this integral, let V = Z^^. A local coordinate for M is given by the map a := tt or : 
V —>■ M, where r : P —>■ S is defined by 


t{v) = Cl + v + {ve\v}. 

The semi-simple part K' of K acts transitively on M, and induces a ’Moebius-type’ biholomorphic 
action on V such that a becomes AT'-equivariant. We have 


T*dr] = T*(Tr*e) = a*e. 

Since idoT)v = u at the origin 0 G V, the pull-back t*{ dr])\yivi,V 2 ) = idr])y]y'^{{dyT)vi, {dyT)v 2 ) satisfies 

f ^ M / ^ ivi\v2) - (t2|ti) 

a 0 o(wi,i'2) = T (dr])\o(vi,V2) = -^-• 

I 

Using complex coordinates Vj with respect to an orthonormal basis of U = Tq{V) this means 
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Now assume that a 7 ^ 2 or r = 1. Then M is irreducible. Since 0 is invariant under K, it follows that 
CT*0 is invariant under the Moebius action. Since dy = n — 1, we obtain for the volume form 

cr*0"-i 

- -— =(7-Ay(u,-u) P^d\(v), 

(n- 1 )! 

where C is a constant. Evaluating at 0 G V and using 

/ \ n — 1 


,w X YJ dvj A dvj 
dX{v) = 11 " 

i=i 


2i 


(n — 1 )! 


dvj A dvj 


2i 


1 (a*0|o)"-^ 

2 "-i (n- 1 )! 


(4.4) 


it follows that (7 = 2” Since tr is a Zariski dense open embedding of full measure we obtain 

^ /* T\ / \ n — 1 


1 


1 


(27 


0 n-l 


(n — 1 )! (27r)'^ 


cr*0’^ 


(n- 1 )! 


JL /■ AdA,(.. -0-”- = ~ 

2"-‘ J ■ ’ Tvipv) 


M V V 

by applying (g^l) to the irreducible hermitian Jordan triple V = Zl_^. Now assume a = 2 and r > 1. 
Then Z = and M is reducible. More precisely, 

S = {zG : rank(z) = 1} = U 16 : 0 ^ e 0 7 ^ 6 e 


Consider the associated projective spaces Mi = P(C’’^^) = {[^ 1 ] : 0 7 ^ G Ri p'’-! and 

M 2 = P(C^^(’'+^^) = {[^ 2 ] : 0 7 ^ ^2 G ~ pr+b-i^ Then M = Mi x M 2 is a direct product via 

the identification ([^ 1 ], [^ 2 ]) Ran{^i^ 2 )- For i G {1,2}, the map -Ki : Y. ^ Mi given by ^ 1^2 [^z] is 

well-defined and the canonical map tt : E —>■ Mi x M 2 is a product 


7’‘(66) = ([6]jK 2]) = (7ri(6C2)) 7^2 (Ci6))- 

Now 0 = 01 © 02 is the direct sum of iG'-invariant 2-forms 0^ on Mi. Using the binomial theorem for 
(commuting) 2 -forms, the corresponding volume form is 

0 n-l ^ 0 ni ^ 0«2 

(n— 1 )! ni! n 2 ! 

for the dimensions ni = r—l,n 2 = r + &—1 adding up to ni + n 2 = 2(r — l) + 5 = n—1. It follows that 

1 r 0 ”-i _ 1 /■ 0 ”^ 1 r 0 ”= 

(27r)”“i y (n— 1 )! (27r)”i J nil (2 tt)"^ J n 2 ! 

M Ml M 2 

In order to compute these integrals, put Vi := and V 2 = Then 

1^ = < = {° q") : V, G U} fSi Ui X U 2 . 

The local coordinate a { vi , V2 ) = (o’!(wi),< 72 (^ 2 )) is of product type, where ai ( vi ) := [l,ni]. In fact, 
putting V = ( ^ I G U, we obtain 

\vi 0 / 

t(v) = ei + v + {ve*iv} = (^ ^ ^ ^ (l 112 ) 

\Vi V1V2J \VlJ 

and hence 

cr(u) = 7r(T(w)) = [(1 ^^ 2 )]. 

The semi-simple part K' = SU{r) x SU{r + b) oi K = S{U{r)xU{r + b)) acts transitively on each factor 
Mi and induces a ’Moebius-type’ biholomorphic action on Vj such that ai becomes JG'-equivariant. Since 
Qi is invariant under K', it follows that cr*0i is invariant under this Moebius action. This implies for 
the volume form 

= Cl • (1 + (uzlui))-!-”^ dAi(ui), 
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where Ci is a constant. Using the relation 

dXi{vi) 


1 

2 "* ml 


analogous to (14.4L it follows that Ci = 2”* 
full measure we obtain 

1 f 

(27r)”- J ml (27r)"* J ml 

Mi Pi 


. Since <7^ : 14 —>■ Mi is a Zariski dense open embedding of 



dXjjvj) 

7r"« 


{l + {Vi\Vi) ^ 


r(i) 1 

r(i +rii) ml 


by applying (14.31) to the irreducible hermitian Jordan triple 14. 


□ 


Finally, let us mention a relation involving numerical invariants of the domain D and V = , which 

would make the formulas more tractable. 


Lemma 4.13. Suppose that a ^ 2. Then the rank ry and the genus pv ofV = satisfy the relation 

rv Pv = ra + b. 

As a consequence, the T-function quotient in Proposition (14.121) can also be expressed as 

Vv{pv-^) Tyj^) 

^v{pv) rv(^)' 

Proof. We use the classification of hermitan Jordan triples [191 [20]. For a = 2, we obtain the Jordan 
triples Z = of type (I), for which the relation does not hold. The other cases are listed in the 

following table 


type 

z 

rank 

a 

b 

V 

rv 

Pv 

(11) 

(~j(2r+£)x(2r-+e) 

asym 

r 

4 

2e 

Q2x{2{r-l)+e) 

2 

2 r + e 

(III) 

^rxr 

symm 

r 

1 

0 

Qr-1 

1 

r 

(IV) 

C‘^. 

spin 

2 

d-2 

0 

^d—2 

'^spin 

2 

d-2 

(V) 

Olx2 

2 

6 

4 

(~<5x5 

asym 

2 

8 

(VI) 

^3(0)0 0 

3 

8 

0 

qT)<^ 

2 

12 


References 

[1] J. Arazy, S. Fisher, S. Janson and J. Peetre, An identity for reproducing kernels in a planar domain and Hilbert- 
Schmidt Hankel operators, J. reine angew. Math. 406 (1990), 179—199. 

[2] J. Arazy and H. Upmeier, Boundary measures for symmetric domains and integral formulas for the discrete Wallach 
points, Int. Eq. Op. Th. 47 (2003), 375-434. 

[3] C. Berger and L. Coburn, Wiener-Hopf operators on U 2 , Int. Eq. Op. Th. 2 (1979), 139-173. 

[4] C. Berger, L. Coburn and A. Koranyi, Operateurs de Wiener-Hopf sur les spheres de Lie, C.R. Acad. Sci. Paris 290 
(1980), 989-991. 

[5] A. Connes, The action functional in noncommutative geometry, Comm. Math. Phys. 117 (1988), 673-683. 

[6] A. Connes, Noncommutative geometry, Academic Press, San Diego, 1994. 

[7] J. Dixmier, C*-Algebras, North-Holland, Amsterdam, 1977. 

[8] R. Douglas, X. Tang and G. Yu, An analytic Grothendieck-Riemann-Roch theorem, preprint, arXiv: 1404.4396 (2014). 

[9] M. Englis and J. Eschmeier, Geometric Arveson-Douglas conjecture, Adv. Math. 9(2015), 606-630. 

[10] M. Englis, K. Guo and G. Zhang, Toeplitz and Hankel operators and Dixmier traces on the unit ball o/C^, Proc. 
Amer. Math. Soc. 137 (2009), 3669-3678. 

[11] M. Englis and G. Zhang, Hankel operators and the Dixmier trace on strictly pseudoconvex domains, Documenta 
Math. 15 (2010),601-622. 

[12] M. Englis and R. Rochberg, The Dixmier trace of Hankel operators on the Bergman space, J. Funct. Anal. 257 
(2009), 1445-1479. 

[13] M. Englis and H. Upmeier, Real Berezin transform and asymptotic expansion for symmetric spaces of compact and 
non-compact type, Operator Theory, Advances and Applications 220, Birkhauser (2010), 97-114. 

[14] J. Faraut and A. Koranyi, Analysis on Symmetric Cones, Glarendon Press, Oxford, 1994. 


























22 HARALD UPMEIER AND KAI WANG 

[15] K. Guo and K. Wang, Essentially normal Hilbert modules and K-homology, Math. Ann. 340 (2008), 907-934. 

[16] K. Guo, K. Wang and G. Zhang, Trace formulas and p-essentially normal properties of quotient modules on the 
bidisk, J. Operator Th. 67 (2012), 511-535. 

[17] A. Koranyi, Poisson integrals and boundary components of symmetric spaces, Invent. Math. 34 (1976), 19—35. 

[18] W.J. Helton and R. Howe, Traces of commutators of integral operators, Acta Math. 135 (1975), 271—305. 

[19] O. Loos, Jordan Pairs, Lecture Notes in Math. 460, Springer (1975). 

[20] E. Neher, Jordan Triple Systems by the Grid Approach, Lect. Notes in Math. 1280, Springer (1987) 

[21] H. Schlichtkrull, On the boundary behaviour of generalized Poisson integrals on symmetric spaces, Trans. Amer. 
Math. Soc. 290 (1985), 273-280. 

[22] R. Stanley, Some combinatorial properties of Jack symmetric functions, Adv. Math. 77 (1989), 76-115. 

[23] H. Upmeier, Toeplitz operators on bounded symmetric domains, Trans. Amer. Math. Soc. 280 (1983), 221-237. 

[24] H. Upmeier, Toeplitz C* -algebras on bounded symmetric domains, Ann. Math. 119 (1984), 549-576. 

[25] H. Upmeier, Jordan algebras and harmonic analysis on symmetric spaces, Amer. J. Math. 108 (1986), 1-25. 

[26] H. Upmeier, Multivariable Toeplitz operators and index theory, Progress in Math. 84, Birkhauser (1991), 275-288. 

[27] H. Upmeier, Index theory for multivariable Wiener-Hopf operators, J. Reine Angew. Math. 384 (1988), 57-79. 

[28] M. Wodzicki, Local invariants of spectral asymmetry, Invent. Math. 75 (1984), 143-178. 

Fachbereich Mathematik, UNivERSiTaT Marburg, Marburg, 35032, Germany 
E-mail address: upmeier@matheinatik.uni-marburg.de 

School of Mathematical Sciences, Fudan University, Shanghai, 200433, P. R. China 
E-mail address: kwang@fudan.edu.cn 



